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Abstract

A new algorithm for three-dimensional rate dependent crystal plasticity is presented which involves first, the explicit
update of the dependent variables based on a high-order accurate scheme and second, the derivation of the consistent
operator by the lineariziation of this update algorithm, in order to warrant a quadratic rate of convergence during the
iterative equilibrium search. A detailed and complete description of the governing equations amenable to numerical
implementation is provided using the convected coordinate formalism. The algorithm has been implemented for an
update based on the second-order accurate Runge-Kutta integration scheme in a displacement based finite-element
code. The methodology for extending the algorithm to the fourth-order accurate Runge-Kutta scheme is discussed. The
algorithm is illustrated for one-dimensional loading of otherwise traction free single crystals loaded along specific
crystallographic directions and for a 3D simulation of a tension test for a face centered cubic single crystal oriented for
symmetric double slip up to the onset of shear localization. These first numerical simulations are consistent with the
analytical solutions. For the 3D case, they provide an insight on the development of plasticity through the sample, with
an initial first phase leading to an homogeneous deformation, followed by a second phase where the deformation is
more and more limited to the central sections of the sample and ultimately becomes localized, without the need for any
initial defect or perturbation.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Plasticity theory for crystalline materials has been an active areca of research in both mechanics
and materials, see for example, Asaro (1983), Havner (1992), Bassani (1993) and Kocks et al. (2000). In
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particular, the last two decades have witnessed considerable progress that has been made in numerical
modeling of crystal plasticity using various approaches. This has been instrumental for making advances in
problems related to polycrystals, texture evolution, metal forming, geological structures, and numerous
other areas of applications.

The early concepts of crystal plasticity and geometry of slip dates back to the contributions of Taylor,
Schmid and their coworkers (e.g., Taylor and Elam, 1923; Schmid and Boas, 1935). Taylor first postulated
that five independent slip systems are needed to accommodate an arbitrary strain increment imposed on a
crystal (Taylor, 1938). The Schmid law states that in response to applied loads on a single crystal, slip
occurs when the resolved shear stress on a crystallographic slip system (uniquely defined by a slip direction
and a slip plane normal) exceeds a critical value that is a material property (Schmid and Boas, 1935).
Subsequently, much of the work in crystal plasticity was related to metal forming, particularly rolling
experiments and their interpretation within the context of active slip systems, Taylor factor, averaging the
response of crystals, texture development and other related issues. It was recognized early that crystalline
slip could induce finite deformation in the crystal and particularly large rotations associated with slip.
However, small strain theory was applied to modeling the response of such crystals including rotations and
as a result, simple solutions could be constructed (e.g., Reid, 1973) which helped to gain insights into
material behavior and processes. In the early 70s, considerable progress was made in developing a con-
tinuum framework for modeling finite deformation and associated constitutive laws for crystalline solids,
which were due to Rice (1971) and Hill and Rice (1972); also, see Mandel (1965) and Hill (1966) for small
deformation and Teodosiu and Sidoroff (1976) and Asaro and Rice (1977) for finite strain formulation.

The continuum mechanics framework provided the necessary foundations to develop a systematic
computational methodology for performing the first detailed numerical simulations of single crystals
including their localization behavior (Peirce et al., 1982). Early simulations were 2D plane strain based on
the Asaro’s (1979) planar double slip model and provided insights concerning nonuniform and localized
deformation in single crystals. They were further extended to include modeling of polycrystals and other
problems of interest. Due to increase in computational resources that became available, full scale three-
dimensional simulations of crystalline solids undergoing multislip (fcc, bcc) became increasingly feasible
(e.g., Cuitino and Ortiz, 1992; Kalidindi et al., 1992). However, the complexity of the structure of governing
equations and large number of internal variables in crystal plasticity models generally make the 3D
numerical simulations intensive and time consuming.

Two distinct approaches have been followed in developing numerical methods for rate dependent crystal
plasticity problems, based either on explicit or implicit schemes for both the time integration of the
incremental constitutive relations (called the update) and the equilibrium search. The computations of
Asaro, Needleman and coworkers (e.g., Peirce et al., 1982; Needleman et al., 1985) on crystal plasticity
follow essentially the explicit forward gradient method proposed by Peirce et al. (1984). This rate tangent
modulus method was effectively used in simulating challenging problems such as strain localization of
crystals in 2D. Such explicit methods involve no iterations and hence are extremely efficient, but, are
inherently first-order accurate and may require very small time steps for the solution to remain close to the
equilibrium. Implicit schemes have also been developed for rate dependent crystal plasticity problems (e.g.,
Cuitino and Ortiz, 1992; Kalidindi et al., 1992). These schemes involve iterations both at the local level to
update the stress and globally to enforce equilibrium, requiring thus more computational effort than the
explicit schemes. They remain first-order accurate and hence may require sufficiently small increments in
loading to ensure convergence, both locally and globally. As three-dimensional modeling of processes and
structures become more and more widespread, as it is the case in multiscale or hierarchical modeling,
numerical algorithms with increased efficiency, speed and enhanced accuracy become more desirable. Here,
a new algorithm based on the Runge-Kutta method for update and consistent linearization for three-
dimensional rate-dependent crystal plasticity problems is presented. Runge-Kutta scheme is a standard and
well known integration method for differential equations and the characteristics of the scheme including
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error estimates are well established. The Runge-Kutta method provides an explicit update method and is
based on known or projected values for quantities of interest at various times within a time step. The
novelty, and the difficulty of the proposed scheme, resides with the analytical expression of the consistent
tangent moduli (Simo and Taylor, 1985) which are derived by linearizing the constitutive update obtained
with the Runge-Kutta integration scheme. Thus, in addition to a robust and classical explicit update, a
quadratic rate of convergence is attained during the equilibrium search.

The fundamentals of crystal plasticity and governing equations are briefly discussed in Section 2. In
Section 3, the computational algorithm for update and construction of the consistent tangent is presented
and discussed in the context of the second-order Runge-Kutta method. Details of the computational
scheme are also discussed in this section. Specific choices for hardening and viscosity laws that are used in
the simulations are outlined in Section 4. This is followed in Section 5 by illustrative examples of simu-
lations on fcc single crystals subjected to uniaxial tension, compression and shear. In addition, results from
a full scale 3D simulation of a fcc single crystal up to the onset of strain localization are discussed. The
conclusions are presented in Section 6. The convected coordinates formalism that is employed in the for-
mulation of the tangent operators, detailed expressions for the components of the consistent tangent,
extension of the proposed algorithm to a fourth-order accurate scheme and analytical solutions for rigid
plastic rate independent fcc crystal subjected to uniaxial loading, are presented in the Appendices A, B, C,
D, respectively, for sake of completeness.

2. Kinematics and constitutive framework for crystal plasticity

The objective of this section is to present concisely the continuum theory of crystal plasticity which has
been implemented in the proposed numerical algorithm. A finite-deformation constitutive framework was
proposed by Rice (1971) and Hill and Rice (1972) and a summary of the line of research which leads to our
current understanding of crystal plasticity is found in Needleman et al. (1985). The plasticity theory
pertinent to crystalline materials presented in the last reference is followed rather closely in this work. The
first three subsections deal with the kinematics, the definition of an objective stress rate and the main
features of crystal plasticity which are necessary in order to set up the numerical scheme presented in
Section 3. The last subsection deals with crystal orientations and their evolution during the deformation
process.

2.1. Kinematics

Consider a crystal occupying the domain Q, in the reference configuration x, where a crystallographic
slip system is defined by the plane of normal n®) and by the direction of slip m®). Note that bold-
face characters are used for vectors and tensors. The transformation convects the material to the current
configuration k, where the solid occupies the domain Q; at time ¢. This transformation has a gradient,
denoted by F(X,¢), at any point x in €, which is occupied by a material particle found initially at X in
Qo. During that transformation, any material vector of infinitesimal length dX is convected, stretched
and rotated, and lies in the current configuration along the direction dx defined by dx = F - dX. The
crystallographic slip direction m® also sustains this convection as any material vector as long as no slip-
system has been activated. Plastic shearing of the crystal does not however affect the slip systems orien-
tation and thus it is the elastic part of the transformation which convects the slip direction once plasticity
occurs.

This fundamental concept is accounted for with a multiplicative decomposition of the transformation
gradient, proposed by Lee (1969)

F=F . F, (1)
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in terms of two gradients F¢ and F” where the latter is solely due to the plastic shearing resulting from the
activation of the slip systems. The multiplicative decomposition of the transformation gradient expresses
the composition of two transformations, the first from the reference to the intermediate configurations, the
latter denoted €y, and the second transformation from the intermediate to the current configuration, as
illustrated in Fig. 1. Complementary to the decomposition in (1), the normal and slip directions in the
current configuration are thus determined solely by the elastic part of the transformation

m® =F .- m®. a® =np®.F" (2)

)

The two vectors m® and n® are orthogonal but not unitary, a fact that will be discussed at a later stage.
Starting from the rate form of (1), the Eulerian velocity gradient L, which is equal to F - F~', is composed of
two additive parts

L=L+L,
with

L=F F', I’=F L F (3)
and

L=F.F

In (3), the tensor L¥ is the velocity gradient in the intermediate configuration which is defined in terms of the
slip along the crystallographic systems as proposed by Rice (1971):

L => 3979 with ¢ =m® @n, (4)

s

in which the sum is over all activated slip systems, 7 is the slip rate over the system s and the tensor & is
the so-called Schmid tensor, in the intermediate (or reference) configuration, of the same slip system.
Combining this assumption with the transformation (2) provides the following expression for the plastic
part of the velocity gradient defined in (3)

1/ = Z ?(S)S_P(S) with % — m® ® ﬁ(S)’ (5)

s

in terms of the normal and the slip direction vectors in the current configuration with the introduction of
the Schmid tensor % in that configuration. The symmetric and the antisymmetric part of L” are the
plastic part of the rate of deformation tensor and of the spin tensor

ST F
n
mS —_—>

Q
F*
F?P

Qy

Fig. 1. Schematic of the decomposition of deformation into elastic and plastic parts, resulting in the relation, F = F* - F”.
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: . 1/ B
D’ = E :j}(x)Dm with DY — 5 (y@ . Ty(f))7
(6)

1/~ _
W — ST 50w “thw:_cym_1¢ﬂ
= (o),
which are defined in terms of D and W, the symmetric and antisymmetric parts of the Schmid tensor in
the current configuration, respectively. Note that in (6) the superscript T to the left of a tensor indicates its
transpose. More specifically here,

T7) —a®) @ mb. (7)

The elastic parts of the rate of deformation and of the spin tensors are then simply defined from the
symmetric and antisymmetric parts of (3a) using (6)

D‘=D-D", W'=W-W (8)
It should be stressed that the two definitions in (6) are central to the continuum theory of crystal plasticity.

2.2. Stress rate

The objective here is to define the time evolution of the Kirchhoff stress tensor in the current configu-
ration in compliance with the principle of objectivity. The Kirchhoff stress 7 is by definition det F times the
Cauchy stress. An objective stress rate 7 is thus constructed for an observer attached to the crystal lattice.
It is defined by

=t Wt W (9)
and has a structure identical to the classical Jaumann rate except that the spin tensor is solely due to the
rotation of the lattice W* defined in (8). It is this objective rate which enters the rate form of the constitutive
relation

Y= D (10)

in which £¢ is the fourth-order elasticity tensor in the current configuration. It may be expressed in terms
of the metric tensor g and in the case of isotropic elasticity, two scalar constants G and K the shear and bulk
moduli respectively which are assumed to be independent of the state of deformation, resulting in an hypo-
elasticity formulation. See Appendix A for an expression of the components of the elasticity tensor and note
that the choice of isotropic elasticity could be amended to account for the elastic anisotropy of the crystals.
Combining the definition of the stress rate in (9) with the decompositions in (8) and the definitions in (6)
results in the following time derivative of the Kirchhoff stress

t=2":D+W-t—t-W-> 526D +PV),
s (11)
with P® = (W(S) ‘T—T- W(S)).

This rate form of the constitutive response is now expressed as the difference between two terms, the first
pertains to the elastic response of the material and the second involves plastic deformation by crystallo-
graphic slip (for details, see for example Asaro, 1983),

t=7.(gD,0)-7,(j".nF), (12)
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with

=L D+W-1—7-W,

;=Y (26D + PV). (13)

s

AN

The component form of these constitutive relations is presented in Appendix A.
2.3. Slip activity

The mechanisms by which plastic deformation arises are linked to the activity of the slip systems. This
activity is determined by the resolved shear stress over any system s, which is the scalar

9 = ¢ . D, (14)

This quantity is the projection of the Kirchhoff stress tensor over the symmetric part of the Schmid tensor.
This definition together with the definition of the plastic part of the rate of deformation tensor in (6)
provides an interpretation of the slip rate ) as conjugate to the resolved shear stress in terms of the
contribution of the system s to the total plastic power

D =) 5, (15)

This construction justifies the choice of not normalizing the vectors m*) and n®) mentioned earlier. The next
constitutive assumption is that each slip rate is a function of the resolved shear stress as well as a collection
of internal variables which are denoted here as ¢ and could correspond to the slip system hardnesses,
dislocation densities or any other parameters required to describe the evolution of the microstructure of the
crystal. Both the slip rates and the rates of these internal variables have evolution laws of the type

7§ = ® (T@, €<u>>7 ) = g0) ( re, €<u>>' (16)

The superscript « is used to identify the fact that systems other than s may enter the evolution law of that
system. Specific choices are made in Section 4 to describe the rate-dependency and the evolution of
hardening on slip systems for face-centered cubic crystals (fcc) but the generic forms in (16) are sufficient to
motivate and discuss the proposed computational algorithm.

2.4. Crystal orientation and Schmid tensor

The initial orientation of a crystallite is given by the knowledge of the mapping from the base vectors
{e;} linked to the “laboratory” in the reference frame to a set of orthonormal base vectors eS linked
to crystallographic axes of the crystallite, which for cubic crystals are chosen as the “cubic’ or (1 00) axes.
This mapping is a rotation which defines the initial orientation matrix Q of the crystallite. The rotation Q is
then e/ ® e; and its components in the laboratory axes are

Oy =€} -e. (17)
The columns of the matrix Q are the components of the vectors e in the laboratory basis,

Equivalently, the initial orientation matrix may be constructed using Euler angles (e.g., Kalidindi et al.,
1992; Kocks et al., 2000). In this case, the rows or columns of the initial orientation matrix may be
interpreted as the crystallographic axes in the symmetric and Bunge conventions for the Euler angles,
respectively.
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In the reference configuration, the Schmid tensor for a slip system (s) has been defined in (4) as the cross
product of the unit vectors m) and n® defining the glide direction and the slip plane normal. In the
crystallographic (or cubic) axes, the components of these vectors, mE‘V)C and n,@C respectively, are well
known, with simple expressions directly linked to the Miller indices of the slip planes and directions (see
Table 1 for the list of slip systems and corresponding Miller indices for fcc crystals). In the reference
configuration, it is thus convenient to compute and store once and for all the components of the Schmid
tensors in the crystallographic axes (notation, yfj)c), and then use the orientation matrix Q in order to

express these components in the “laboratory” axes (notation, ,75‘;)). More explicitely,

yl(j) = QipyLZ)CQiq' (19)
In the current configuration, the Schmid tensor remains defined by (5) and one has the relation:
G =F¢. g Ft, (20)

In crystal plasticity problems, the knowledge at any point in space and time of the current crystal orien-
tation is most important since it amounts to the knowledge of the development of deformation textures. At
any integration point, the current local orientation Q follows from the integration of

Q = WQ. (21)

An exact updating can be achieved with the assumption that W* can be regarded as constant over the time
interval Az (see for instance Kocks et al., 2000),

Qt+At = eW‘fAth. (22)

The exponential of an antisymmetric second-order tensor is an orthogonal tensor that can be determined by
the Rodrigues formula, so that,

sin(w°At) W+ 1 — cos(w°Ar)

WeA:
we (we)?

(W2, (23)

with w® = \/(W,'-j‘f Wlf) /2. This update will be implemented in the proposed scheme presented in the next
section. It may be stressed already that Q is computed at each integration point so that, owing to possibly
nonuniform plastic deformation within a crystallite, an intracrystalline misorientation may arise.

Table 1
Schmid and Boas indexing of slip systems for fcc crystals
System name Miller indices
Plane normal Slip direction
A2 a1 [011]
A3 a1 [101
A6 a1 [110

]
10]
B2 arn [011]
B4 arn [101]
B5 (111) [110]
Cl a1 [011]
C3 atn [1o1]
Cs a1 [T10]
D1 (111) [011]
D4 a1 [rotj
D6 a1n [110]
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3. Update algorithms and consistent linearization based on Runge—Kutta scheme
3.1. Rate equations and second-order Runge—Kutta method

The convected coordinates formalism adopted for the finite-element modeling is presented in Appendix
A where the crystal plasticity theory outlined in the previous section is further discussed. The differential
equations in rate form are summarized as follows,

V(s) _ I—v(s) (gl:h};;{l;" Tmn7 é(u))7
B0 = g6 (5@)7 y<u>)7

P T P
F;'j = /i/ (gkthna V(Y))>
:L-ij = yij(gkl;Dmna Tm) - E9Qg(gkl;l)mnvF;f)-

The first two equations are equivalent to (16) specifying as arguments in the first equation, the quantities
necessary for the computation of the resolved shear stress, i.e. the covariant components of the metric
tensor in the current configuration g, the nine components of the plastic part of the transformation gradient
and the six components of the contravariant stress. The third equation corresponds to the definition of the
plastic transformation gradient rate found from (3) and (4). The last of this set of equations corresponds to
(12) with 77 defining the stress rate in the absence of any slip and 7 Z the plasticity correction to the
previous stress rate due to the activation of the slip systems. If there is a total of N; potential slip systems
with &, internal variables per system, then the set of equations (24) defines 15 + (N, + 1) x N; equations to
be integrated in time with appropriate initial conditions.

The complexity of this system calls for further simplifications of our notation with the hope to achieve a
transparent presentation of the proposed algorithm. To this end, we define three sets of variables

1

=Dy, ...

B 11 )a
B4 :('yq>,

: 12 33 _12
y2:(Fﬁ,lg;,F;,Ff;,...|...éq...|r LT, T, ,)

1 1 1
Z(I): Eglla§g2275g33>g127g137g23
(25)

The first set, z, has 12 components corresponding to the metric (g) and to the rate of deformation (D)
covariant components which are seen here as being only functions of time. The second set is denoted y; and
contains the accumulated slip on all the N; crystallographic slip systems. The third set, y,, contains the
plastic part of the deformation gradient (F7), the internal variables (¢, e.g., hardening, dislocation density)
and the contravariant stress (t) components. The distinction made above between y; and y, becomes clear
once system (24) is expressed in terms of the new variables

n = N(z(2), ),

26
3y = Ya(z(0), Y1,32). (26)

The rate of the variable y;, denoted Y7, is an argument of the rate of the variable y», denoted Y, whereas y;
does not contribute explicitly to Y;.

After these preliminaries, we are now in position to discuss a family of update algorithms based on the
Runge-Kutta (RK) method to integrate in time (26) as well as the linearization required to derive
the consistent tangent operator for Newton-Raphson equilibrium search. The second-order scheme is
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considered, again to simplify the presentation, and the reader is referred to Appendix C for a generalization
to the fourth-order scheme. Time is discretized and the variables y,(« = 1,2) are known at time n. The
second-order Runge—Kutta scheme for the system of equations presented above consists of

At /1 2
y;Hl:y:_'_?(Y:x"'Yac)v O(:l,z,

1 2 1

Yl :Yl(Zn,yg), Yl :Yl <Zn+1,yg+AtY2), (27)
1 1" 2 | 2 1

Y2 = YZ<Zn7 YlaySl)a YZ = YZ<ZH+ 7Y17yg + AtYZ)’

and provides the values of y, after a time interval of Az based on two estimates of the operators Y, which are
identified by the superposed number 1 and 2. The first estimate depends only on values at the beginning of
the time step whereas the second depends on the rate of deformation tensor and the metric at the end of the
time step as well as on the best estimate of the functions j, and j; to achieve a second-order accurate
scheme. Note that the indices or superscripts » and »n + 1 identify the time at which the variables are
estimated.

The Runge-Kutta scheme has been used previously for the time integration of crystal plasticity con-
stitutive equations in the rate form (e.g., Zikry, 1994). However, to the best of the authors’ knowledge, the
simplicity and accuracy afforded by this scheme has not been used previously to construct consistent
tangent operators necessary for equilibrium search. The two variables which are directly functions of the
nodal displacement obtained with a finite-element approximation are the metric and the rate of defor-
mation tensor whose components are contained in the set z. It is the variation of the stress, with contra-
variant components contained in the set y», with respect to the set z which defines the consistent tangent first
introduced by Simo and Taylor (1985). This consistent tangent is part of the operator relating the increment
dy, in response to an infinitesimal change in the set z denoted dz and is obtained by linearization of the
algorithm. For the particular algorithm (27) of interest, one finds

At /2 2 2
dy, = > (Yz,z + Yoy Yl,z) dz, (28)

in which a comma stands f(%r partial differentiation with respect to the argument which follows. The linear

operators Y,., Y,y and Y, are matrices of dimension (154 N; x Ny) x 12, (154 N; x N;) x Ny and
Ny x 12, respectively (recall that Ny and N; are the number of slip systems and of internal variables per
system, respectively). Note that the first estimate Y, does not depend on the values of the metric or the rate
of deformation at the end of the time step, explaining the absence of its partial derivatives from the
expression (28). The apparent simplicity of this result is certainly due to the choice of notation adopted
here. It reveals that the consistent tangent implementation requires the partial derivatives of the operators
Y, defined in (26) which have to be estimated only once. The details of the expressions of these derivatives
are given in Appendix B. The algorithm and methodology presented here can easily be adopted to other
nonlinear constitutive models such as the von Mises (J;) finite strain visco-plasticity or any other consti-
tutive models if the evolution of the internal variables is given by first-order differential equations as, for
example, in the case of shape memory alloys (Shaw et al., 2003).

3.2. Computational scheme

The computational procedure which has been implemented in the finite element code (SARPP, 2002) is
now summarized for the case of the second-order Runge-Kutta scheme. The operations to be conducted
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are grouped in three sets which are the initialization, the update and set-up of the local consistent tangent,
and the global equilibrium search.

Set I: Initialization:

e Read material properties, number of slip systems N, Miller indices for each
slip system and construct Sl()f;)c (19) and initial crystal orientation ef and
es5.

o Compute tranverse direction e§ = e{ xe§ in cubic axes and initial orientation
matrix Q (17).

e Compute Schmid tensor S (12 for fcc) in reference laboratory frame (19).

Set II : Update and set-up of consistent tangent during iteration between t,,

and t,q

e At element level (quadrature point), knowing at time #, (G7;, D};) compute
current estimate (G;}“7 DZ“) from current estimate of displacement field
u™tat 1.

e To prepare update of stress and other variables (y; and ) ( 25):

> For each of the two RK estimates, k =1,2:

e Compute elastic contribution to new stress 7.7 (13 and A.10)
e Compute inverse F*~! from F7.

e Compute hardening function (e.g.,34)

v/ Loop over the Ny slip systems and for each:

o Compute 83, (5,A.8), D) (6), WS and POk (A.11).

o Compute resolved shear stress 7¢*) (A.9) and check system
activity.

If system activated, otherwise consider next system
. k k

e Compute £®) and 4()(16), part of Y'; and Y ».

e Add contribution to the stress rate 7,7 (13, A.11).

e Add contribution to velocity gradient LY (4).

NEnd of loop over all slip systems.

o Complete setting of Y5 and Yy with F}; and 7,7.
o If k = 2, consistent tangent (28) set up according to Appendix B.
< End of RK loops

e Update (intermediate or final) of stress and other variables (y; and ys) with
(27).

Set III: Assembly, equilibrium check and solve global system, if necessary,

o Perform global assembly of the element consistent stiffnesses and of the out-
of-balance forces (obf).

e If norm of global obf less then tol (e.g., 107%) times maximum norm found
over increment, convergence is achieved. Increment time and start next in-
crement (Set II).

e If equilibrium not reached, solve for new estimate of displacement u™*! and
continue iterative process by repeating Set II for same time increment.

4. Crystalline slip and associated constitutive description

The new algorithm is illustrated through examples on deformation of face centered cubic (fcc) single
crystals. It can be adapted for other types of crystals such as body centered cubic (bcc) or minerals such as
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rock salt or calcite by introducing the appropriate definitions of the corresponding slip systems and
hardening behavior.

4.1. Slip systems for fcc crystals

The fcc single crystal has 12 independent slip systems of the type {111}{110) and the Schmid-Boas
convention for naming the slip systems is followed here, (see Table 1) with the choice made of a positive last
index as in Franciosi and Zaoui (1982).

If one considers for instance system A2, in the reference cubic axes, the components of the unit slip
direction vector and slip plane normal are respectively:

1 (0 1 (1
m)=—|-1| and (n)=—742| 1 |. (29)
) =75 - o) =5 !

4.2. Viscosity and hardening

For illustrative purposes, Schmid behavior or the applicability of critical resolved shear stress (CRSS)
criterion for crystalline slip is assumed. NonSchmid behavior can be incorporated in the proposed algo-
rithm without much difficulty. The specific forms of the shear strain rate and the hardening law (first two
equations of (24)) are those employed by Needleman et al. (1985) in their computational modeling of rate
dependent behavior of single crystals based on double slip. The viscoplastic behavior of the slip system is
characterized by a power law relating the rate of shearing or slip on a given slip system (j}<“'>) to the resolved
shear stress (7)) on the same system,

7o signt® ( |ﬁ|) if ‘Tm‘ > 1Y, (30)

0 otherwise,

?(‘v) —

where 7, is a reference shear strain rate, t{*) is the current value of the CRSS and » is the strain rate
sensitivity exponent. n = oo corresponds to the rate independent limit and » = 1 corresponds to that of a
Newtonian fluid. The evolution of the CRSS on individual slip systems is given by a hardening law
(Needleman et al., 1985),

= " hy i), (31)
B

where h,;(y) are the self and latent hardening coefficients and are considered to be functions of the total
accumulated slip (y) on all the slip systems,

y= / >
and the specific form the hardening coefficients used by Needleman et al. (1985) is adopted,

(b oifa=§,
o= {an st 39

where 4 is the self hardening coefficient for the diagonal terms and g# is the latent hardening coefficient for
the off diagonal terms of the hardening matrix and

h(y) = hosech? <hi), (34)

T« — To

7')(5)

dt, (32)
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hy 1s a hardening proportionality constant, 7, and 7, provide the saturation and reference shear stress on the
slip system, defining the rate of hardening on individual slip systems. The parameter ¢ which is the latent
hardening ratio is assumed to be a constant, once again closely following Needleman et al. (1985). It seems
realistic to apply the equations above to describe the behavior of fcc crystals at room temperature and small
strain rates, although simpler or more complex approaches may also be easily implemented in the proposed
algorithm for the shearing rate and hardening laws (e.g., Zarka, 1975; Franciosi et al., 1980; Cuitino and
Ortiz, 1992; Bassani, 1993; Delaire et al., 2000).

5. Illustrative examples

The second-order accurate Runge—Kutta method based scheme for crystal plasticity is initially applied to
the modeling of single crystals, involving uniaxial tension and compression in various crystallographic
directions, as well as simple shear along crystallographic directions. Finally, the newly developed algorithm
is used in modeling strain localization which arises in a single crystal due to three-dimensional effects. In all
the simulations, the same set of material properties are used unless otherwise mentioned and their values are
tabulated in Table 2. The loading is applied along an axis whose projection on an inverse pole figure lies
within the primary triangle bounded by directions, [00 1], [0 1 1] and [1 1 1] (see the [00 1] inverse pole figure
projection shown in Fig. 2). For more details on inverse pole figures and the representations of a direction
with respect to crystallographic axes, see for instance Bunge (1982) or Kocks et al. (2000).

Table 2
Material constants used in the simulations of fcc single crystals
Ey v o n 70 ho/7To 7. /70 q
1 0.3 10-3 50 1073 8.9 1.8 lorl4

010

Fig. 2. The [00 1] projection of the inverse pole figure plot for fcc single crystals (adapted from Franciosi and Zaoui (1982)).
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5.1. Uniaxial tension and compression

To simulate uniaxial tension or compression on the crystal, a single 8-noded brick element of unit side is
considered and is deformed at a constant specified displacement rate along X, axis of the reference frame.
The two planes of the cube normal to the axis of loading are enforced to remain parallel to each other
simulating a rigid testing machine. The single crystals were deformed along several crystallographic
directions and the corresponding orthogonal initial crystallographic directions are given in Table 3. The
crystals were deformed to a nominal strain of 0.5 at a strain rate of 1x10~* s~!. The data relating load—
displacement, accumulated slip on active slip systems and as well as the rotation of the loading axis with
respect to the cubic axes of the crystal are obtained from the simulations. The initial yield point and hence
the yield stress and the active slip systems corresponding to each loading case are also listed in Table 3. In
all the cases, for uniaxial loading, it is possible to determine the theoretical values for flow stress and as well
as the accumulated slip, if one assumes a perfectly rigid rate independent plastic crystal. The analytical
solution is given in Appendix D. The theoretically predicted values for flow stress, or the Taylor factor since
0 = M1, and accumulated slip are listed in Table 3 for the nonhardening cases.

The crystals were loaded respectively along [00 1], [0 1 1] and [1 1 1], the corners of the primary triangle in
the upper quadrant of the inverse pole figure (Fig. 2). In the nonhardening case (%, = 0), the crystals were
stable in the initially specified orientation and equal slip on expected multiple slip systems (Fig. 2) was
observed. The true stress—strain curves in tension are plotted for each case in Fig. 3(a) and accumulated slip
on active slip systems is plotted in Fig. 3(b). Assuming the crystals to be rigid rate-independent plastic, the
corresponding predicted flow stress and accumulated slip are also plotted on these figures. Despite the
presence of elasticity and rate effects (n = 50), the discrepancy between the numerical and predicted is small
(~2%). Similar features were also observed for compression along the above mentioned directions as shown
in Fig. 4(a) and (b), where the simulations were performed for isotropic hardening for true strains of up to
0.25.

In order to investigate the ability of the numerical solution to capture features when rotations are in-
volved, a crystal was subjected to tension along [12 3], the transverse axis being [54 1] and the normal [1 1 1].
Several cases were considered, (i) no hardening, (ii) isotropic hardening with ¢ = 1 and (iii) latent hardening
with ¢ = 1.4. In this case, the loading orientation is not stable and the crystal undergoes distortion in planes
parallel to loading which results in rotation of the loading axis towards a stable orientation, namely the
corners of the primary triangle in Fig. 2. The true stress—strain curves and accumulated slip as a function of
strain for all the three cases mentioned above are plotted in Fig. 5(a) and (b). The corresponding path of the
loading axis on the inverse pole figure (restricted to the primary triangle) is plotted in Fig. 5(c). Since the

Table 3
Directions of uniaxial loading in fcc single crystals and corresponding slip systems and Schmid factors for rate independent plasticity
Transverse Loading Normal Number N and Schmid factor Taylor factor Accumulated
axis x§ axis x5 axis x§ Name of active slip So M slip 79 /e
systems
8
[010] [001] [100] A2 A3 B2 B4 0.408 245 0.306
Cl C3 DI D4
~ 4
[100] 011] 011] A3 A6 B4 BS 0.408 245 0.612
6
[110] 11 [112] B4B5CIC5DI D4 0272 3.67 0.612

Note: € is the true strain, M = a/79 = 1/S.
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Fig. 3. Uniaxial tensile loading of fcc crystals along [00 1], [0 1 1] and [1 1 1] which are initially aligned with the X, axis of the reference
frame: (a) true stress vs. true strain response and (b) accumulated slip vs. true strain on active slip systems indicated on the plot.

initial loading orientation lies within the primary triangle (Fig. 5(c)), the deformation induces single slip
(primary) on slip system B4. As a result of single slip, one can observe parabolic hardening in the stress—
strain curve even when the slip system has no inherent hardening, i.e., case (i). This is due to the geometrical
effect of rotation induced by deformation. During deformation, the trajectory of the loading axis on the
inverse pole figure follows a path moving away from its initial orientation [123] and towards the boundary
of the primary triangle, namely, the [0 0 1]-[0 1 1] side. Upon reaching this side, secondary slip is induced on
slip system C1. The two slip systems continue to accumulate slip at the same constant rate and the rate of
accumulation of slip on the primary system B4 has decreased markedly indicated by the kink in the slip-
strain curve for this system (Fig. 5(b)). Upon the activation of the secondary or conjugate slip, the loading
axis on the inverse pole figure moves along the above mentioned side of the primary triangle towards [1 1 1],
which is a stable orientation.

For the first two cases considered here, i.e., nonhardening and isotropic hardening (¢ = 1), though the
stress—strain responses are markedly different, the history of accumulated slip on the two slip systems are
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Fig. 4. Uniaxial compressive loading of fcc crystals along [001], [011] and [1 11] which are initially aligned with the X, axis of the
reference frame: (a) true stress vs. true strain response and (b) accumulated slip vs. true strain on active slip systems indicated in the
plot.

indistinguishable from each other (Fig. 5(b)), and, the same is true for the pole figures (Fig. 5(c)). This
confirms that the accumulated slip is purely a function of deformation, in the absence of latent hardening
effects. When one considers the last case involving latent hardening (¢ = 1.4), the response is markedly
different for the stress—strain curve, which is to be expected. The onset of slip on the secondary slip system is
delayed in comparison to the previous two cases involving isotropic hardening. Due to the delayed onset of
the conjugate slip as a result of latent hardening, the pole figure path reveal the overshoot as indicated in
Fig. 5(c), which crosses the tieline, and upon activation of the secondary slip, turns and follows a path
nearly parallel to the [001]-[0 1 1] side, once again in the direction of the stable orientation [1 11]. Once
secondary slip is activated, the rate of accumulated slip on the primary slip system decreases and both the
slip systems accumulate at nearly the same constant rate. Similar observations were made by Anand and
Kothari (1996) where they considered loading of an fcc crystal along [23 6], except that they report that the
loading axis tends to become stable along the orientation [112] after a strain of 0.25.
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Fig. 5. Uniaxial tensile loading of fcc crystal along [12 3] which is initially aligned with the X, axis of the reference frame: (a) true stress
vs. true strain response; (b) accumulated slip vs. true strain on active slip systems marked on the plot and (c) path of pole figure
projection of the loading axis in the standard triangle of the inverse pole figure.

In all the above mentioned simulations, the automatic time stepping scheme described in Section 3 was
used. Generally the time step was around 0.1 for the values of rate sensitivity exponent and applied strain
rate specified here. The corresponding tolerance in the norm of the increment for F” used was 1074,

5.2. Simple shear

The fcc crystal was subjected to simple shear along [111] which is coincident with X; direction. The
shearing was accomplished by constraining all the degrees of freedom in a single 8-noded brick element
with unit side. The 4-nodes on the top surface were displaced in X; direction at a constant rate of 1x 1073
s~!. Since all the displacements are specified, the computations become explicit, i.e., no iterations need to be
performed for equilibrium check. The computations were performed for a time step of Az = 0.1 and for
shear strains of up to 2. The crystal remains in a state of plane strain and the lateral surfaces of the crystal
remained traction free. The two sets of slip systems (A2, A3 and D1, D4) that are activated accumulate slip
at differing rates. The shear stress—strain response of the crystal is shown in Fig. 6(a) and the accumulated
slip on active slip systems are plotted in Fig. 6(b). The rotation of the slip system, which was tracked
through the rotation of the normal to the shearing plane, i.e., [112], is plotted as a function of shear strain
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Fig. 6. Simple shearing of fcc crystal along [1 1 1] initially aligned with the X, axis of the reference frame: (a) shear stress vs. strain
curves; (b) accumulated slip vs. shear strain curves and (c) rotation of the slip systems vs. shear strain.

in Fig. 6(c). The two sets of slip systems rotate by equal amounts. The slip systems are oriented along the
glide direction (1 10) to the shear plane normal ([112]) and the slip systems rotate in such a way so as to
reach slip on a single glide system, i.e., the slip or glide planes become parallel to the shearing direction. The
maximum rotation that leads to single slip is 19.47°, which is achieved after a shear strain of approximately
0.5. One can see that the slip on one set of slip systems (D1,D4) ceases to accumulate, leading to slip on a
single system, (A2, A3). In all the cases, the shearing now occurs at a constant applied stress. The rotation
of the slip system as a function of the shearing strain is found to be independent of the nature of hardening,
i.e., independent of g.

Due to the finite deformation (Poynting like) effects, one also develops in-plane normal stresses, ¢; and
027, which are plotted in Fig. 7. These two stress components are of equal and of opposite sign, resulting in
zero net hydrostatic pressure. These two components also change sign during the shearing deformation and
this is due to the rotation of the two sets of slip systems. Similar results were shown for the double slip
model by Miehe (1996). However, he observed an overshoot phenomenon in the shear stress response as a
function of deformation, which was not observed in the current simulations, even in the case of anisotropic
latent hardening, g = 1.4.
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Fig. 7. Normal stress components (o, and o,,) plotted as function of shear strain for no hardening and hardening with ¢ = 1.0 and 1.4
for simple shearing of fcc crystal along [11 1] which is initially aligned with the X, axis of the reference frame.

In order to investigate the accuracy of the update in the numerical scheme, two different constant time
steps were employed, At = 0.01 and 0.1, while keeping the rate sensitivity exponent and the deformation
rate the same. The results of these simulations are also plotted in Fig. 7. Except in capturing relatively sharp
changes during rotations, both time steps yield essentially the same results, which suggests that the present
numerical update scheme is quite robust.

5.3. Onset of shear localization in 3D

In order to illustrate the full three-dimensional capabilities of the numerical algorithm, an example where
localization could potentially occur is chosen. A single crystal of square cross section 4 x4 mm and length
of 25 mm, has been subjected to tension along x, which was made coincident with the crystallographic axis
[112] while the transverse axes x; and x; were coincident with [1 10] and [1 1 1], respectively. This crystal has
been used as the basis for developing the Asaro’s double slip model (Asaro, 1979). The geometry and
dimensions of the crystal are chosen to simulate the specimen used by Chang and Asaro (1981) in their
investigation of localization in aluminum-copper single crystals.

Indeed, upon loading, slip occurs symmetrically on the two slip systems, namely, B4 and C1. The slip
directions are and remain in the (11 1) plane (which is also the macroscopic plane (X;,X5)), each at 30° from
the tensile axis. On the other free surface (X5, X3), parallel to the crystallographic plane (1 10), the slip plane
traces are at 54° and 73° from the tensile axis. The crystallographic orientation is stable, which means that
the crystallographic axes remain very close to their initial position with respect to the macroscopic axes.

The simulation has been performed using boundary conditions similar to the uniaxial loading with
planes normal to the loading direction made to remain parallel. The bottom plane was restricted from
moving in the loading direction but was free to move in the plane, except at one of the corners which was
fixed in space to prevent rigid body motion and an additional point which was constrained to remain on
macroscopic axis, in order to prevent rigid body rotations. No defect is initially present in the sample,
contrary to what is extensively used as a seed for localization. The block is discretized into 6 x 38 x6 for a
total of 1368 uniform 27-noded brick elements and hence 13013 nodes. 27-noded elements were chosen to
improve the accuracy and to be able to capture severe gradients that may occur in the deformation fields.
The material properties that were used correspond to the isotropic hardening case (¢ = 1), and the strain
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Fig. 10. Contours of shear strain E»; for the 3-D fcc single crystal block at a normalized displacement of U/Ly, = 0.13 at the early stages
of localization.

rate sensitivity exponent, n = 50 was used. The elastic straining is homogeneous but the plastic response
shows heterogeneous distributions of strains and stresses. This is to be expected since the ends of the
samples are constrained to remain parallel to the plane (x|, x3) and this condition cannot be accommodated
by plastic glide on the two prevailing systems over most of the sample, namely, B4 and C1. A local het-
erogeneous state of stress and strain is thus present near the ends and induces a local flexural type of
deformation.

The load—displacement curve is plotted in Fig. 8, which shows the hardening followed by softening and
eventually an abrupt drop in load, suggesting localization. This drop is not clearly seen on the figure itself.
However, a very fast change of the orientation of the tangent to the load displacement curve happens,
suggesting a very quick load drop, which in fact breaks down the computational procedure. The axial strain
(E») at various stages of deformation is plotted in Fig. 9. Up to the maximum load corresponding to a
normalized displacement (U/L,) of 0.07, the deformation is fairly homogeneous. However beyond this
point, the crystal clearly shows a tendency for shear localization in the transverse direction, see Fig. 9(c).
The contours of shear strain (Ey3) are plotted in Fig. 10 further revealing the localized nature of defor-
mation. These results are in good qualitative agreement with the experimental observations of Chang and
Asaro (1981). It is also worth stressing again here that the localization was induced even without the
presence of a geometrical defect, which is necessary in 2D for creating asymmetry to induce localization.

6. Conclusion

A new algorithm for three-dimensional rate dependent crystal plasticity based on the Runge-Kutta
integration scheme for system of partial differential governing equations is presented. The algorithm in-
volves explicit constitutive update of the variables and the tangent has been derived based on consistent
linearization of the governing equation for updating the Kirchhoff rate of stress. The stress update is based
on an isotropic elastic predictor and plastic corrector, both of which are performed sequentially using the
newly developed scheme. The algorithm has been implemented for the second-order Runge-Kutta scheme
in a displacement based finite element code and the methodology for extending to the fourth-order scheme
has been outlined. The consistent tangents are constructed at the element (local) level. Newton—Raphson
iterative procedure is adopted for equilibrium check and quadratic rate of convergence is achieved. The
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convergence in relative force norm of 107¢ is generally achieved in two iterations. The new algorithm
provides a second-order accurate scheme, which provides higher order of accuracy than the current explicit
schemes based on forward gradient methods and implicit schemes which use Euler schemes for integration
of rate form of constitutive equations.

In the course of developing the algorithm, a methodology for computing crystal rotations without any
assumptions regarding the magnitudes of elastic deformations or rotations is introduced. The new algo-
rithm has been illustrated for one-dimensional loading (pure tension or compression and shear) of
otherwise traction free 3D fcc single crystals loaded along crystallographic directions. The viscosity and
hardening laws that were used are adopted from the works of Asaro, Needleman and coworkers. The
simulations were performed on fcc single crystals and the material parameters that were used are also
adopted from the above mentioned works (e.g., Needleman et al., 1985). When possible, the numerical
solutions are compared with analytical results, which show excellent agreement, despite the elasticity. The
scheme is capable of capturing the overshoot phenomena in crystals in the presence of latent hardening as
demonstrated by the inverse pole figure plots for loading along an arbitrary crystallographic direction, such
as [123]. The ability of the numerical scheme to capture rotations of slip systems and as well as the effect of
the size of increment on accuracy of the solution is demonstrated by subjecting the fcc single crystal to
simple shear. As a final example, the three-dimensional capabilities of the numerical algorithm are dem-
onstrated through the loading of a geometrically perfect fcc single crystal loaded along [112]. Though the
deformation in the loading plane is perfectly symmetric, the transverse shear provides the symmetry
breaking mechanism, thus leading to localization.

The 3D crystal plasticity algorithm based on the Runge—Kutta integration scheme is demonstrated for
fce single crystals with isotropic elasticity and specific choice of viscosity and hardening laws. Since the
consistent tangents are constructed at the element level, it is straightforward to include anisotropic elas-
ticity, other choices of models for viscosity, evolution laws for hardening and as well as the number and
crystallographic orientation of slip systems (e.g. bee, rock salt). The order of accuracy of the Runge-Kutta
update scheme can also be increased by implementing the fourth-order method discussed in Appendix C.
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Appendix A. Convected coordinates formulation for crystal plasticity

The convected coordinate formalism is adopted for the finite-element implementation of crystal plas-
ticity in the context of finite deformation. A concise presentation of this formalism is found in Needleman
et al. (1985), which is used in the next two sections, the first one dealing with kinematics and the second with
the definition of stress and stress rates.

A.1. Kinematics

The initial unstressed configuration is taken to be the reference configuration, where the position of a
material point is given by X(y',7) in terms the material coordinates . After transformation, the material
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point is at x(y, ¢) in the current configuration. All the field quantities are thus considered to be functions of
the convected coordinates, ', which serve as particle labels, and time ¢. The covariant base vectors G; and g;
in the reference and current configuration are

G B—o (A1)
respectively. The contravariant base vectors are obtained from the following orthogonality conditions

G G =¢5=g. ¢, (A.2)
and the metric tensors are defined by

41=G,2G =G,G oG, g=gog=ggg, (A.3)

where G;; and g;; are the covariant components of the metric tensors 4 and g in the reference and current
configuration, respectively. Any material vector of infinitesimal length dX = dy'G; at X is convected to the
vector dx = dy'g;, found at x in the current configuration so that the transformation gradient F, which
relates the two vectors by dx = F - dX, and its inverse F~' are

F=g®G, F'=G®g. (A.4)
The Lagrangian strain tensor E is defined as
1 1 . .
E=3(F-F-d)=5(g-G)C oG (A3)

and its components are half the difference between the components of the two metric tensors defined above.
The plastic part of the transformation gradient F” and its inverse F’~' are defined in the reference con-
figuration as

FF=FG®G, F'=r"G®xG, (A.6)

Making use of the multiplicative decomposition of the transformation gradient F in (1), the elastic part of
the transformation gradient F° and its inverse F*~' are then written as,

FF=F.F'=r"%g G,

A7
Fefl _ Fp 3 Ffl _ Fv]kak ® gl7 ( )

where the rule Ff’k = FPHG;; for lowering indices and resulting in mixed components has been applied.

These preliminaries are now put into use for expressing the components of the Schmid tensor in the
current configuration. For that purpose start from the definition (5) and apply the transformation of the
normal and slip directions in (2)

IO =F g F = (P g e, (A-8)

A.2. Stress

The resolved shear stress, defined in (14), is now expressed as
e TijDEjf), (A9)
where 7V are the components of the Kirchhoff stress in the current configuration and fo the covariant
components of the symmetric part of Schmid tensor obtained with the rule for lowering indices from the
contrariant component of the Schmid tensor defined in (A.8).
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The time rate of Kirchhoff stress defined in (12) has been decomposed as the difference between an elastic
and a plastic terms which components are now introduced as

TV = (LM — 4"™\Dy,, (A.10)

with

ik 2G\
ge.kl _ <K_T>g”gk1+G(g gl/+gll k])

%ijkl :%(gik,clj +g Tk] +g1A li +g// kz)
and

T =3 "3(2GDYY 4 PY), (A.11)
with

PO = W) (light 4 tHighh),

wy =L (70— 7).

N =

Appendix B. Consistent tangent for the second-order Runge—Kutta algorithm

The objective of this Appendix B is to provide the details of the operators which enters the consistent
tangent (28) and are necessary for the numerical implementation. As mentioned earlier, it is only part of the
expression (28) which is needed to form the consistent tangent between the components of the Kirchhoff
stress and of the Lagrangian deformation tensor and the rate of deformation tensor. Using a matrix
notation consistent with Section 3 of this paper, that substructure of (28) is

7i 07 |agy 077 o7 o7 o
{d‘CU} — 07 P 07 e __ P Z ayv % dEkl . (Bl)
aEkl ~ OEy | 0Dy, 0Dy 0y, OE 07, 0Dy dDy,

In that equation, the partition of the stress rate in the two operators defined in (12) has been already ac-
counted for. The linearization of stress rates in component form (A.10) with respect to the metric and the
rate of deformation components provides

0T 2G\ | y T S
0By (K - T) (¢"8"¢"Dyy +g'D") —2G(¢"D" +¢"'D" +¢"D" + ¢/'D")
+g* (Dl @ 4+ D! ‘c‘”) +g (D' @ 4+ D! T’”) (B.2)
0T
e _ glﬂd %ljk]

for the elastic part. The plastic contribution to the stress rate is found in (A.11) and its differentiation with
respect to the kinematical variables provides
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0Tl o . o
aEﬂ _ 2W szgn ( lz/glz +Tllgb'/) +2W(S)mkgma(rl/gaz +,L_a1gl/)
kl
— 20, (Vgg" + g, (B.3)
07 o
0Dy

The last items of interest here are the partial derivatives of the plastic contribution to the stress rate with
respect to the slip strain rate

a 7 ’]
av
and the partial derivatives of the slip strain rate with respect to the kinematical variables
o, _or,  dj, _
OE, OEy’ Dy
Note that the right-hand side of (B.3a) should be symmetrized for preserving the symmetries of the stress
and strain and that the partial derivatives of the slip law with respect to the Lagrangian strain components
(B.5a) depend on the specifics of the model selected and are not discussed further here. Results in (B.2)—

(B.5) can now be combined in (B.1) to provide the consistent tangent, a task left for the numerical
implementation.

= 2GDWi 4 P©) (B.4)

(B.5)

Appendix C. Fourth-order Runge—Kutta update algorithm

The update and consistent linearization of the system of equations in (26) for the fourth-order Runge—
Kutta algorithm is now presented. The update scheme reads

X At 1 2 3 4
v —yﬁ+g{Yx+2<Ya+Ya> +Y47 a=1,2,
1 2 1 At l
Yl = le(zz17y:21), Yl = Yl<Zn+77yg+7Y2)’

n+ Atz b n+l _n 3
YI—Y 7,y +—Y2 YIZY](Z ,y2+AtY2),

2 (C.1)
1 17 L2 At 1
Y2Y2(2”’Y17yg>7 Yz Y2( +27Y17yg+2Y2>,
3 At 2
YZZYZ(’hL_ Y17y2+ D) YQ)a
4 4 3
Y2 = YZ(ZnJrla Ylvy; + AtYZ)v
where
1
Zn+% :E(Z’1+Zn+]). (CZ)

These equations provide the values of y, after a time interval of Az at time n + 1 based on the four estimates

k

of the operators Y, which are identified by the superposed numbers 1-4 corresponding to the Runge-Kutta
steps. The first step depends only on values at the beginning of the time step whereas the fourth depends on
the rate of deformation tensor and the metric at the end of the time step as well as on the optimum estimate
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of the variable j» and y| to achieve a fourth-order accurate scheme. The second and third steps depend on
the intermediate value of the vector z. Note that the superscripts n, n + 1/2 and n + 1 identify the times at
which the variables are estimated.

Similar to the second-order accurate scheme, the consistent tangent is part of the operator relating the
increment dy;, in response to an infinitesimal change in the set z denoted dz and is obtained by linearization
of the alg(zrithm. The first step of this consistent tangent derivation is thus the linearization of the four

estimates Y,
1 2 l 2

dy, =0, dvY, :§F2dz,
13 At
_F,dz 2
2%t

4 4 4 3

dY, = Frdz + AtR, dY,,

3 3 2
dy, = RydY,, (C.3)

in which the following notation has been adopted to make a compact presentation

k k £k k k £k
Fo=Y.+YonYi.,, Ro=7Yy, +YoynYi,, (C4)

where k denotes the Runge—Kutta step (1-4) at which the expressions are evaluated. The matrices ]]j" »and 112’2
have for dimension (15 4+ Ny x V) x 12 and (15 + N, x N;) x (15 + N, x N;), respectively (recall that N; and
N; are the number of slip system and the number of internal variables per system) The second step of the
linearization consists of combining the results in (C.3) according to the linearized version of (C.1a) (« = 2)
to obtain the operator which includes the consistent tangent

At2 4 A4\ (3 Ar3 2
dyz :Z |:F2 +F2 + <1+7R2> (Fz +7R2F2)}dz, (CS)

k
in which 7 is the identity matrix of same dimension as R,. Note that the operators and their deri-

k
vatives defined for the second-order scheme enter the fourth-order scheme (except for R,) and thus
a generalization from the former to the latter offers no difficulty.

Appendix D. Uniaxial loading of a rate independent rigid plastic fcc single crystal

The procedure for determining the flow stress, active slip systems and accumulated slip on these systems
due to uniaxial loading is well established (see for example, Reid (1972)) and the results are summarized
here for the sake of completeness.

Consider the deformation of a rate-independent rigid plastic crystal that is subjected to deformation
along a certain direction at a constant nominal strain rate, for example, é;; = ¢. The nominal strain rate is
related to the true strain rate, £ = ¢/(1 + €). This results in a stress state corresponding to, ,, = ¢ and all
other 6;; = 0. The order and number of slip systems that will be activated depends on the crystal orientation
and the Schmid factor. In the present case, the slip systems that are favorably oriented, i.e., the ones that
have the highest Schmid factor, S, (7,7, in the reference frame) will be first activated. If the crystal does
undergo rotations during deformation, additional slip systems may be activated or the slip systems cur-
rently undergoing slip may cease to be active. First we consider the cases, where there is no rotation of the
crystal lattice, in which case the Schmid factor will remain a constant at its initial value Sy throughout the
deformation. This situation arises when the highest Schmid factor is initially the same on an even number of
slip systems, which we denote here by A"
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Let us assume that the critical resolved shear stress to be the same for all slip systems, 19, which remains
a constant in the absence of hardening. When slip initiates, the crystal continues to deform at a constant
true stress given by,

Teo
=== M1y, D.1
7Ty e (D.1)

where M is the Taylor factor (1/S,) The imposed deformation is accommodated by slip on the glide planes,

s=A"

E="78 = NS, (D.2)
s=1
where 7* is the slip rate on each slip system and in the present case they all are identical, hence,
ME ME
s o . D.3
Y=g U= (D.3)

The relations (D.1) and (D.3) contain the necessary information to completely characterize the response of
the crystal to uniaxial loading. The Schmid factors, Sy, for deformation along [001], [011] and [111]
directions are %, \/Lg and %, respectively. The corresponding number of slip systems, ./” on which equal
amount of slip accumulates are 8, 4 and 6, respectively (Fig. 2).
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